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(κ, θ)-WEAK NORMALITY
SHIMON GARTI AND SAHARON SHELAH
Abstract. We deal with the property of weak normality (for non-
principal ultrafilters). We characterize the situation of |
∏
i<κ
λi/D| = λ.
We have an application for a question of Depth in Boolean Algebras.
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0. introduction
The motivation of this article, emerged out of a question about the Depth
of Boolean Algebras. We found that a necessary condition to a positive
answer on a question of Monk (appears in [8]) depends on the following
condition. We need a sequence of cardinals λ¯ = 〈λi : i < κ〉 with limit λ (or
just λ = limD(λ¯), see definition 0.4 below, and for simplicity i < κ ⇒ λi ≤
λ), and an ultrafilter D on cf(λ) = κ, such that |
∏
i<κ
λi/D| = λ (see [12] and
[3], about the connection to Boolean Algebras; We give new results about
the Depth, in §2).
These requirements are purely set-theoretical, and they depend on the
nature of κ and λ, and also on the properties of D. On one hand, if D is
a regular ultrafilter then |
∏
i<κ
λi/D| = λ
κ. Notice that λκ > λ in our case,
since cf(λ) ≤ κ. On the other hand, having a measurable cardinal κ = cf(λ)
(or just cf(λ) ≤ κ, κ is measurable) and a normal ultrafilter D, we can
choose a sequence as above, with |
∏
i<κ
λi/D| = λ.
Regular ultrafilters and normal ultrafilters are two poles. The question
is, what happens to other creatures in the zoo of ultrafilters. We will in-
troduce here the notion of weak normality (the basic notion appears in [4],
and the general notion is taken from [11]), and prove two theorems. First,
|
∏
i<κ
λi/D| = λ implies that D is weakly normal (in the sense of definition
0.3 below). Second, that under the assumption of weak normality one can
find λ¯ = 〈λi : i < κ〉 with the properties above.
Recall that a normal ultrafilter on κ is closed under diagonal intersections
of κ sets from the ultrafilter. It follows, that any regressive function f on κ,
has a suitable set Sf in the ultrafilter, such that f is constant on Sf . In other
words, one can find a (unique) ordinal α∗, such that {i < κ : f(i) = α∗} ∈ D
(when D is the normal ultrafilter).
This property of regressive functions, leads us to another notion of nor-
mality. It might happen that for no α∗ one can get {i < κ : f(i) = α∗} ∈ D,
but for some α∗ < κ we have {i < κ : f(i) ≤ α∗} ∈ D.
Definition 0.1. Weak normality.
Let κ be an infinite cardinal, D a uniform ultrafilter on κ.
We say that D is weakly normal, when:
(*) For every regressive function f on κ, one can find α∗ < κ, such that
{i < κ : f(i) ≤ α∗} ∈ D
Every normal ultrafilter is also weakly normal. The opposite need not
to be true. If D satisfies the weak normality condition of ≤ α∗, but not
the requirement of = α∗, then D is not κ-complete, so it is not a normal
ultrafilter.
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For our needs, we would like to generalize the notion of weak normality.
So far, we focused on regressive functions from κ into κ. Let us define the
property of regressiveness, in a more general context.
Definition 0.2. Regressive pairs.
Let (κ, θ) be a pair of cardinals, D an ultrafilter on κ.
Let g : κ→ θ be any function.
We say that f : κ→ θ is (κ, g)-regressive, if i < κ⇒ f(i) < g(i).
In the light of definition 0.1, taking θ = κ and g ≡ idκ gives the familiar
notion of a regressive function on κ. We would like to form the new concept
of weak normality, based on the regressive functions of 0.2. But look, if we
choose g(i) = 0 for any i < κ, or even g : κ → θ bounded, then we will
have an uninteresting definition. That’s the reason for demand (i) in part
(a) below:
Definition 0.3. (κ, θ)-weak normality.
Let (κ, θ) be a pair of cardinals, g : κ→ θ, and D an ultrafilter on κ.
(a) D is (κ, g)-weakly normal, if
(i) ǫ < θ ⇒ {i < κ : g(i) ≥ ǫ} ∈ D
(ii) For any (κ, g)-regressive f , there is jf < θ, such that {i < κ :
f(i) < jf} ∈ D
(b) D is (κ, θ)- weakly normal if there is a function g : κ→ θ such that
D is (κ, g)-weakly normal.
Two remarks about the definition. First, we speak about an ultrafilter
(that’s what we need for our claims), but the definition (with some modifi-
cations) applies also to a filter. Second, we use f(i) < jf (instead of ≤ in
0.2), but there is no essential difference.
The last definition that we need, adapts the notion of limit for sequence
of cardinals to the notion of an ultrafilter.
Definition 0.4. limD(λ¯).
Let λ¯ = 〈λi : i < κ〉 be a sequence of cardinals, D an ultrafilter on κ.
µ := limD(λ¯) is the (unique) cardinal such that {i < κ : β < λi ≤ µ} ∈ D,
for every β < µ.
We conclude this section with some elementary facts.
Claim 0.5. Assume µ¯ = 〈µj : j < θ〉 is an increasing sequence of cardinals,
with limit λ. Let D be a (κ, θ)-weakly normal ultrafilter on κ, and g : κ→ θ
a witness. Let λi = µg(i), for every i < κ.
Then λ = limD(〈λi : i < κ〉).
Proof.
Easy, by the definition of limD.
0.5
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In the following claim we learn something about the relationship between
limD(〈λi : i < κ〉) and |
∏
i<κ
λi/D|:
Claim 0.6. |
∏
i<κ
λi/D| ≥ limD(〈λi : i < κ〉).
Proof.
Assume to contradiction, that |
∏
i<κ
λi/D| = µ < limD(λ¯). Choose β <
limD(λ¯) such that µ < β. By 0.4 we have:
A := {i < κ : µ < β < λi ≤ limD(λ¯)} ∈ D.
Define χ = Min{λi : i ∈ A}. Easily, one can define a sequence 〈aα : α <
χ〉 of members in
∏
i<κ
λi/D, such that aα <D aβ (notice that one needs to
define the aα-s only on the set A, and 0 on κ\A is alright). But χ > β > µ,
contradicting the fact that |
∏
i<κ
λi/D| = µ.
0.6
We say that (
∏
i<κ
λi,≤D) is θ-directed, if any A ⊆
∏
i<κ
λi/D satisfies |A| <
θ ⇒ A has an upper bound in
∏
i<κ
λi/D. We say that θ is κ-strong when
α < θ ⇒ |α|κ < θ. The following useful claim draws a line between θ-
directness and the cardinality of
∏
i<κ
λi/D.
Claim 0.7. Simple properties of cardinal products.
Let D be an ultrafilter on κ.
(a) If (
∏
i<κ
λi,≤D) is θ-directed, then |
∏
i<κ
λi/D| ≥ θ
(b) If κi = cf(κi) for every i < κ, and β < θ ⇒ {i < κ : β < κi} ∈ D,
then (
∏
i<κ
κi,≤D) is θ-directed
Proof.
(a) Easy, since if |
∏
i<κ
λi/D| = θ∗ < θ, then there exists an unbounded
sequence of members in
∏
i<κ
λi/D, of length θ∗, contradicting the
θ-directness.
(b) Having A ⊆
∏
i<κ
κi/D, |A| = θ∗ < θ, just take the supremum of g(i)
for every g ∈ A, on the set {i < κ : θ∗ < κi} (and 0 on the rest of
the i-s). By our assumptions, we get an upper bound for the set A
which belongs to
∏
i<κ
κi/D.
0.7
The last proposition that we need, is about the connection between θ =
cf(λ) and λ. We defined the property of (κ, θ)-weak normality, when θ =
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cf(λ). We concentrated in (κ, g)-regressive functions, when g : κ → θ. But
sometimes we want to pass from θ to λ in our treatment.
Claim 0.8. Let θ = cf(λ) ≤ κ < λ,D an ultrafilter on κ, 〈µj : j < θ〉
increasing continuous with limit λ, g : κ→ θ and λi = µg(i) for every i < κ
such that limD(〈λi : i < κ〉) = λ. Assume that
f ∈
∏
i<κ
λi ⇒ (∃γf < λ)({i < κ : f(i) < γf} ∈ D).
Then D is (κ, g)-weakly normal (hence (κ, θ)-weakly normal).
Proof.
We will show that D is (κ, g)-weakly normal. Let h : κ → θ be any (κ, g)-
regressive function.
For every i < κ define f(i) = µh(i) + 1. Clearly f ∈
∏
i<κ
λi since λi = µg(i)
and µh(i) < µg(i) for every i < κ. Let γf < λ be such that {i < κ : f(i) <
γf} ∈ D. Define jh to be the first ordinal such that µjh > γf . By that, we
have {i < κ : h(i) < jh} ∈ D, so we are done.
0.8
We have defined some notions of normality, for ultrafilters. The other
side of the coin is regular ultrafilters. A good source to this subject is [1].
Let us start with the definition:
Definition 0.9. Regular ultrafilters.
Let D be an ultrafilter on κ, α ≤ κ.
(a) D is α-regular if there exists E ⊆ D, |E| = α, and for every i < κ
we have |{e ∈ E : i ∈ e}| < ℵ0
(b) D is regular, when α = κ
Notice that every ultrafilter is α-regular for any α < ℵ0, so the definition
is interesting only when α is an infinite cardinal. But even in the first infinite
cardinal, i.e. α = ℵ0, we have a useful result for our needs.
Claim 0.10. An ultrafilter D on κ is ℵ0-regular iff it is not ℵ1-complete.
Proof.
If D is ℵ0-regular, let E ⊆ D be an evidence. Every i < κ belongs to a
finite subset of E, and |E| = ℵ0, so i /∈
⋂
E for any i < κ. In other words,⋂
E = ∅ /∈ D, so D is not ℵ1-complete.
If D is not ℵ1-complete, we can find a countable E ⊆ D, such that⋂
E /∈ D. Leaning on the fact that D is an ultrafilter, we can define a
countable E′ which stands in the demands of the ℵ0 regularity.
0.10
We state the following well-known results, without a proof:
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Theorem 0.11. Let κ be the first cardinal such that we have a non-principal
ℵ1-complete ultrafilter on it. Then κ is a measurable cardinal.
0.11
Theorem 0.12. Suppose µ is a compact cardinal, χ = cf(χ) ≥ µ, and
θ < µ. Then χθ = χ.
0.12
The proof of these theorems can be found in [5].
We conclude this section with an important cardinal arithmetic result,
for ℵ0-regular ultrafilters (the proof can be found in [1]):
Claim 0.13. Let A be an infinite set, D an ℵ0-regular ultrafilter on τ .
Then |
∏
τ
A/D| ≥ |A|ℵ0 .
0.13
We thank the referee for the excellent work, which was much deeper than
just simple proofreading.
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1. weak normality and low cardinality
The title of this section is not just a rhyme. It captures mathematical
information. For showing this, let us start with the simple direction.
Proposition 1.1. Assume D is a (κ, θ)-weakly normal ultrafilter on κ,
cf(λ) = θ and λ is κ-strong.
Then we can find a sequence of cardinals λ¯ = 〈λi : i < κ〉 such that
λ = limD(λ¯) and |
∏
i<κ
λi/D| = λ.
Proof.
First, we choose our sequence. Let µ¯ = 〈µj : j < θ〉 be a continuous
increasing sequence of cardinals, with limit λ. Let g : κ→ θ be a witness to
the (κ, θ)-weak normality of D. Define λi = µg(i), for any i < κ. By 0.5 we
know that λ = limD(〈λi : i < κ〉).
Now, we must prove two inequalities:
(a) λ ≤ |
∏
i<κ
λi/D|
By 0.6 and the fact that λ = limD(〈λi : i < κ〉), we conclude that
λ ≤ |
∏
i<κ
λi/D|.
(b) |
∏
i<κ
λi/D| ≤ λ
Observe that for every f ∈
∏
i<κ
λi we can find γf < λ, such that
{i < κ : f(i) ≤ γf} ∈ D.
Why? Well, f ∈
∏
i<κ
λi =
∏
i<κ
µg(i). Define f
∗ : κ → θ in the
following way: for every i < κ let f∗(i) be the first ordinal j such
that f(i) < µj. f
∗ is (κ, g)-regressive (truely, we have f∗(i) ≤ g(i),
but the difference between ≤ and < is unimportant here). By the
(κ, g)-weak normality assumption, one can find j < θ such that
the set {i < κ : f∗(i) < j} ∈ D. That means also that the set
{i < κ : f(i) < µj} belongs to D, so choose γf = µj and the
assertion follows.
For γ < λ let Fγ be the set {f ∈
∏
i<κ
λi, and {i < κ : f(i) < γ} ∈ D}.
Now, we have:
|
∏
i<κ
λi/D| = |{f/D : f ∈
∏
i<κ
λi}| ≤ |
⋃
γ<λ
f/D : f ∈ Fγ | ≤
∑
γ<λ
|{f/D :
f ∈ Fγ | ≤
∑
γ<λ
|γ|κ ≤ λ× λ = λ.
1.1
One remark about proposition 1.1. We took an infinite λ such that λ is
κ-strong. Clearly, that assumption is vital, since λκ > λ in our case. So
under that necessary restriction on λ, all we need for the low cardinality of
the product is the (κ, θ)-weak normality of D.
We turn now to the opposite direction:
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Theorem 1.2. Assume
(a) θ = cf(λ) ≤ κ < λ
(b) 〈λi : i < κ〉 is a sequence of cardinals
(c) limD(〈λi : i < κ〉) = λ
(d) λκi < λ for every i < κ
(e) D is an ultrafilter on κ
(f) D is not closed to descending sequences of length θ (e.g., D is not
ℵ1-complete)
(g) |
∏
i<κ
λi/D| = λ
Then D is (κ, θ)-weakly normal.
Proof.
Let f¯ = 〈fα : α < λ〉 be a set of representatives to
∏
i<κ
λi/D. Denote
κi = cf(λi), for every i < κ.
(∗)0 limD(〈κi : i < κ〉) < λ.
[Why? If limD(〈κi : i < κ〉) ≥ λ then β < λ ⇒ {i < κ : β <
κi} ∈ D, so (
∏
i<κ
κi,≤D) is λ-directed, by 0.6 and 0.7(b). Since λ is
singular, (
∏
i<κ
κi,≤D) is even λ
+-directed, so by 0.7(a) |
∏
i<κ
κi/D| ≥
λ+ and consequently |
∏
i<κ
λi/D| ≥ λ
+ since κi ≤ λi for every i < κ,
contradicting assumption (f) here].
It follows from (∗)0 that κi = cf(λi) < λi for a set of i’s which
belongs to D. Without loss of generality, we can assume that:
(∗)1 cf(λi) < λi, for every i < κ.
For every i < κ, choose 〈λi,ǫ : ǫ < κi〉 such that:
(i) κ < λi,ǫ = cf(λi,ǫ) < λi
(ii)
∑
ǫ<κi
λi,ǫ = λi
(iii) κi1 = κi2 ⇒ λi1,ǫ = λi2,ǫ for every ǫ < κi1 = κi2
(∗)2 There is no h ∈
∏
i<κ
κi, such that limD(〈λi,h(i) : i < κ〉) = λ.
[Why? exactly like (∗)0, upon replacing κi by λ
+
i,h(i)]
Let µ¯ = 〈µj : j < θ〉 be an increasing continuous sequence of singular
cardinals, with limit λ. Notice that θ > ℵ0 here, by (f) and (g), hence
such µ¯ exists.
We claim that for D-many i’s we have λi ∈ {µj : j < θ}. Otherwise,
define ζ(i) = sup{j : µj < λi} for i < κ. Since µ¯ is continuous, we
will get µζ(i) < λi for D-many i’s, so easily one can create h ∈
∏
i<κ
κi
such that µζ(i) < λi,h(i) < λi. Clearly, we have limD(〈λi,h(i) : i <
κ〉) = λ, contradicting (∗)2.
So, without loss of generality:
(∗)3 λi ∈ {µj : j < θ}, for every i < κ.
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For each i < κ, let g(i) be the first ordinal j < θ such that λi = µj.
We will show (in (∗)4 below) that g is a witness to the (κ, θ)-weak
normality of D.
(∗)4 For every f ∈
∏
i<κ
λi, there is γf < λ, such that:
{i < κ : f(i) < γf} ∈ D
For every i < κ, define Pi = {λi,ǫ : ǫ < κi}. By the choice of the λi,ǫ-s,∏
i<κ
Pi/D is unbounded in
∏
i<κ
λi/D. Observe that tcf(
∏
i<κ
Pi/D) = cf(λ) = θ,
since |
∏
i<κ
λi/D| = λ. Consequently, tcf(
∏
i<κ
κi/D) = θ, since otp(Pi) = κi
for every i < κ.
Now, let f ∈
∏
i<κ
λi be any function.
∏
i<κ
Pi/D is unbounded in
∏
i<κ
λi/D,
so we can findm ∈
∏
i<κ
Pi/D such that f <D m. By (∗)2 and the observation
above, γ := limD(〈m(i) : i < κ〉) < λ. Choose γf = γ, and the proof of (∗)4
is complete.
Now we can finish the proof of the theorem. Just notice that claim 0.8
asserts, under (∗)4, that D is (κ, θ)-weakly normal (with respect to the
function g, which is defined above).
1.2
We conclude this section with the case of singular cardinals with countable
cofinality. One of the early results about the continuum hypothesis, much
before the Cohen era and even before Go¨del, asserts that 2ℵ0 6= ℵω. More
generally, if cf(λ) = ℵ0, then λ can not realize the continuum (the result
belongs to Ko¨nig, and appears in [6]).
One of the metamathematical ideas of the pcf theory, suggests to replace
the questions of 2θ by questions of products of cardinals, modulo an ul-
trafilter. We would like to phrase a similar result about singular λ-s with
countable cofinality, this time in the light of the pcf. This result is the
content of corollary 1.4 below.
Proposition 1.3. (κ,ℵ0)-weak normality.
For any cardinal κ there is no (κ,ℵ0)-weakly normal ultrafilter on κ.
Proof.
Suppose that D is an ultrafilter on κ, and g : κ → ℵ0 satisfies condition
(i) of definition 0.3 (a). It means that {i ∈ κ : g(i) > j} ∈ D for every
j ∈ ω. Let f : κ → ℵ0 be defined by f(i) = g(i) − 1 (and if g(i) = 0 then
f(i) = g(i)) for all i < κ.
Then for every j ∈ ω \ {0} we have {i ∈ κ : f(i) < j} = {i ∈ κ : g(i) ≤
j} = ℵ0 \ {i ∈ κ : g(i) > j} /∈ D, by (i).
1.3
Corollary 1.4. Assume
(a) ℵ0 = cf(λ) ≤ κ < λ
(b) λ¯ = 〈λi : i < κ〉 is a sequence of cardinals
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(c) limD(λ¯) = λ
(d) λ is κ-strong
(e) D is an ultrafilter on κ
(f) D is not closed to descending sequences of length θ (e.g., D is not
ℵ1-complete)
Then |
∏
i<κ
λi/D| 6= λ
1.4
Remark 1.5. Measurability and weak normality.
(ℵ) If D is closed under descending sequences of length cf(λ), then theo-
rem 1.2 and the former corollary need not to be true. In particular,
if κ is a measurable cardinal and λ > κ, cf(λ) = ℵ0, then λ can be
realized as |
∏
i<κ
λi/D|. Nevertheless, D is not (κ,ℵ0)-weakly normal
(see 1.3).
(i) The situation is different for (κ, θ)-weakly normal ultrafilters when
θ > ℵ0. For example, it is consistent to have a weakly normal
(uniform) ultrafilter on ℵ1, see [2] and the history there, and see also
[13].
(κ, θ)-WEAK NORMALITY 11
2. Applications to Boolean algebras
We turn now to the field of Boolean Algebras:
Definition 2.1. Depth and Depth+.
Let B be a Boolean Algebra.
(a) Depth(B) := sup{θ : there exists A ⊆ B, |A| = θ,
A is well ordered by <B}
(b) Depth+(B) := sup{θ+: there exists A ⊆ B, |A| = θ,
A is well-ordered by <B}
Monk raised the following question:
Question 2.2. Let 〈Bi : i < θ〉 be a sequence of Boolean Algebras, D
an ultrafilter on θ,B =
∏
i<θ
Bi/D. Can we have, in ZFC, an example of
Depth(B) >
∏
i<θ
Depth(Bi)/D?
We try to find a necessary condition for such an example above a compact
cardinal. We start with the following claim, from [12]:
Claim 2.3. Assume
(a) θ < µ ≤ λ
(b) µ is a compact cardinal
(c) λ = cf(λ),D is an ultrafilter on θ
(d) (∀α < λ)(|α|θ < λ)
(e) Depth+(Bi) ≤ λ for every i < θ
Then Depth+(B) ≤ λ.
2.3
As a simple conclusion, we can derive our necessary condition in terms of
cardinal arithmetic:
Conclusion 2.4. Assume
(a) θ < µ < λ
(b) µ is a compact cardinal
(c) Depth(Bi) ≤ λ, for every i < θ
(d) D is a uniform ultrafilter on θ
(e) Depth(B) > λ+
∏
i<θ
Depth(Bi)/D
Then Depth(B) = λ+ and |
∏
i<θ
Depth(Bi)/D| = λ.
Proof.
By (c) we know that Depth+(Bi) ≤ λ
+, so clearly Depth+(Bi) ≤ λ
++ for
every i < θ. Now, λ++ stands in the demands of claim 2.3 (remember that µ
is compact, so (λ+)θ = λ+ by Solovay’s theorem). Hence Depth+(B) ≤ λ++,
and consequently Depth(B) ≤ λ+.
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By (e), |
∏
i<θ
Depth(Bi)/D| is strictly less than Depth(B). But we deal here
with a case of
∏
i<θ
Depth(Bi)/D ≥ λ, so the only possibility is Depth(B) =
λ+ and |
∏
i<θ
Depth(Bi)/D| = λ.
2.4
We focus, from now on, in the case of a singular λ with cofinality ℵ0.
In general, it seems that those cardinals behave in a unique way around
questions of Depth. The following Theorem shows that there is a limitation
on examples like 2.4, for a singular λ with countable cofinality:
Theorem 2.5. Assume
(a) κ < µ < λ, µ is a compact cardinal
(b) κ is the first measurable cardinal, θ < κ
(c) λ is a singular cardinal, cf(λ) = ℵ0
(d) 〈Bi : i < θ〉 is a sequence of Boolean Algebras
(e) D is a uniform ultrafilter on θ
(f) Depth(Bi) ≤ λ, for every i < θ
Then Depth(B) ≤ λ.
Proof.
Assume toward contradiction, that Depth(B) > λ. Due to 2.4, we have
an example of |
∏
i<θ
Depth(Bi)/D| < Depth(B) above a compact µ, so by
virtue of conclusion 2.4 we must have |
∏
i<θ
Depth(Bi)/D| = λ. Theorem 1.2
implies, under this consideration, that D is (θ,ℵ0)-weakly normal. But this
is impossible, as shown in 1.3.
2.5
Remark 2.6. Consistency results.
(a) By [7] it is consistent that the first compact is the first measurable.
Consequently, there is no example of |
∏
i<θ
Depth(Bi)/D| < Depth(B)
for singular λ-s with countable cofinality above the first measurable
cardinal, in ZFC.
(b) By [3], if V = L there is no example as above. This paper gives
(part of) the picture under large cardinals assumptions.
(κ, θ)-WEAK NORMALITY 13
References
1. C. C. Chang and H. J. Keisler, Model theory, North-Holland Publishing Co., Am-
sterdam, 1973, Studies in Logic and the Foundations of Mathematics, Vol. 73.
MR MR0409165 (53 #12927)
2. M. Foreman, M. Magidor, and S. Shelah,Martin’s maximum, saturated ideals and non-
regular ultrafilters. II, Ann. of Math. (2) 127 (1988), no. 3, 521–545. MR MR942519
(90a:03077)
3. Shimon Garti and Saharon Shelah, Depth of Boolean algebras, Notre dame journal of
formal logic, submitted.
4. Thomas Jech, Set theory, Academic Press [Harcourt Brace Jovanovich Publishers],
New York, 1978, Pure and Applied Mathematics. MR MR506523 (80a:03062)
5. Akihiro Kanamori, The higher infinite, Perspectives in Mathematical Logic,
Springer-Verlag, Berlin, 1994, Large cardinals in set theory from their beginnings.
MR MR1321144 (96k:03125)
6. Julius Ko¨nig, U¨ber die Grundlagen der Mengenlehre und das Kontinuumproblem,
Math. Ann. 61 (1905), no. 1, 156–160. MR MR1511338
7. Menachem Magidor, How large is the first strongly compact cardinal? or A study on
identity crises, Ann. Math. Logic 10 (1976), no. 1, 33–57. MR MR0429566 (55 #2578)
8. J. Donald Monk, Cardinal invariants on Boolean algebras, Progress in Mathematics,
vol. 142, Birkha¨user Verlag, Basel, 1996. MR MR1393943 (97c:06018)
9. Saharon Shelah, On the cardinality of ultraproduct of finite sets, J. Symbolic Logic 35
(1970), 83–84. MR MR0325388 (48 #3735)
10. , Classification theory and the number of nonisomorphic models, Studies in
Logic and the Foundations of Mathematics, vol. 92, North-Holland Publishing Co.,
Amsterdam, 1978. MR MR513226 (81a:03030)
11. , Advances in cardinal arithmetic, Finite and infinite combinatorics in sets and
logic (Banff, AB, 1991), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol. 411,
Kluwer Acad. Publ., Dordrecht, 1993, pp. 355–383. MR MR1261217 (95h:03112)
12. , The depth of ultraproducts of Boolean algebras, Algebra Universalis 54 (2005),
no. 1, 91–96. MR MR2217966 (2007b:06017)
13. W. Hugh Woodin, The axiom of determinacy, forcing axioms, and the nonstationary
ideal, de Gruyter Series in Logic and its Applications, vol. 1, Walter de Gruyter &
Co., Berlin, 1999. MR MR1713438 (2001e:03001)
Institute of Mathematics The Hebrew University of Jerusalem Jerusalem
91904, Israel and Department of Mathematics Rutgers University New Brunswick,
NJ 08854, USA
E-mail address: shelah@math.huji.ac.il
URL: http://www.math.rutgers.edu/~shelah
